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§1. Introduction
Here we are concerned with the distribution of the zeros of Dirichlet L-functions.
Corresponding to ζ -function theorems proved in our previous work [3], analogous theorems
will be presented for L-functions when we consider their conductors as a variable.
Let L(s, χ) be the Dirichlet L-function attached to a primitive Dirichlet character χ
mod q(> 1). We denote the non-trivial zeros of L(s, χ) by ρ(χ) = β(χ) + iγ (χ) with
real numbers β(χ) and γ (χ). When T = γ (χ) for any γ (χ), we put
S(T , χ) = 1
π
argL
(
1
2
+ iT , χ
)
,
where the argument is obtained by the continuous variation along the straight line s =
σ + iT , when σ varies from +∞ to 12 , starting with the value zero. When T = γ (χ), then
we put
S(T , χ) = 1
2
(S(T + 0, χ) + S(T − 0, χ)) .
It is known that
S(T , χ) = O(log q(1 + T ))
and that under the Generalized Riemann Hypothesis (cf. Theorem 6 on p. 330 of Selberg
[5])
S(T , χ) = O
(
log q(1 + T )
log log q(1 + T )
)
.
In Fujii [2], we have been concerned with the average behavior of S(T , χ) and defined
S˜m(T , χ)
for m ≥ 0 as follows. When T = γ (χ), then we put
S˜0(T , χ) = S(T , χ)
and
S˜m(T , χ) =
∫ T
0
S˜m−1(t, χ) dt + Cm(χ)
for any integer m ≥ 1, where Cm(χ)’s are the constants defined by
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C2k−1(χ) = (−1)k−1 1
π
∫ ∞
1
2
∫ ∞
σ
· · ·
∫ ∞
σ︸ ︷︷ ︸
2k−1
log |L(σ, χ)|(dσ)2k−1
for m = 2k − 1 and
C2k(χ) = (−1)k
∫ ∞
1
2
∫ ∞
σ
· · ·
∫ ∞
σ︸ ︷︷ ︸
2k
 log L(σ, χ) (dσ)2k
for m = 2k, respectively. When T = γ (χ), then we put
S˜m(T , χ) = 12 (S˜m(T + 0, χ) + S˜m(T − 0, χ)) .
We shall first describe the relation between S˜m(T , χ) and the integral Im(T , χ) which
will be defined as follows. When T = γ (χ), then we put for k ≥ 1
I2k−1(T , χ) = 1
π
(−1)k−1
{∫ ∞
1
2
∫ ∞
σ
· · ·
∫ ∞
σ︸ ︷︷ ︸
2k−1
log L(σ + iT , χ)(dσ)2k−1
}
and
I2k(T , χ) = 1
π
(−1)k
{∫ ∞
1
2
∫ ∞
σ
· · ·
∫ ∞
σ︸ ︷︷ ︸
2k
log L(σ + iT , χ) (dσ)2k
}
.
When T = γ (χ), then we put for m ≥ 1
Im(T , χ) = 12 (Im(T + 0, χ) + Im(T − 0, χ)) .
For σ ≥ 12 and T > To, let N(σ, T , χ) be the number of the zeros β(χ)+ iγ (χ) of L(s, χ)
such that β(χ) > σ and 0 ≤ γ (χ) < T when T = γ (χ), the zeros with γ (χ) = 0
counting one half only. When T = γ (χ), then we put
N(σ, T , χ) = 1
2
((N(σ, T + 0, χ) + N(σ, T − 0, χ)) .
In Fujii [2], we have shown the following results. We suppose in (I) and (II) below that
T > 0 and χ is a primitive Dirichlet character mod q > 1.
I. We have
S˜1(T , χ) = I1(T , χ)
and for any integer m ≥ 2
S˜m(T , χ) = Im(T , χ) + 2
∑
h+2r=m
r≥1,h≥0
(−1)r−1N˜h,2r (T , χ) ,
where we put for h ≥ 1 and r ≥ 1
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N˜h,2r (T ) =
∫ T
0
· · ·
∫ t
0︸ ︷︷ ︸
h
∫ 1
1
2
∫ 1
σ
· · ·
∫ 1
σ︸ ︷︷ ︸
2r
N(σ, t, χ) (dσ)2r (dt)h
and for h = 0 and r ≥ 1
N˜0,2r (T , χ) =
∫ 1
1
2
∫ 1
σ
· · ·
∫ 1
σ︸ ︷︷ ︸
2r
N(σ, T , χ) (dσ)2r .
II-(i). We have for any integer m ≥ 1,
Im(T , χ)  log q(1 + |T |) ,
where the constant involved in the upper bound may depend on m.
II-(ii). We have
S˜1(T , χ) = O(log q(1 + T ))
and for any integer m ≥ 2,
S˜m(T , χ) = 2
∑
h+2r=m
r≥1,h≥0
(−1)r−1N˜h,2r (T , χ) + O(log q(1 + T )) .
II-(iii). Suppose further that q  T 14 −ε with an arbitrarily small positive ε. Then
we have for any integer m ≥ 2
S˜m(T , χ)  T
m−1
log T
.
II-(iv). (On the Generalized Riemann Hypothesis) We have for any integer m ≥ 1,
S˜m(T , χ) = O
(
log q(1 + T )
(log log q(1 + T ))m+1
)
.
II-(v). The following statement is equivalent to the Generalized Riemann Hypothesis
for L(s, χ). For any integer m ≥ 3, we have
S˜m(T , χ) = o(T m−2) (T → ∞) .
We now turn our attensions to q-analogues. When we consider q-analogue in this
article, we always assume, for simplicity as in pp. 281–340 of Selberg [5], that q runs
over the odd prime numbers. Selberg (cf. Theorem 8 on p. 336 of [5]) showed that for
|T | ≤ q 14 −ε, ε being a fixed arbitrarily small positive number ≤ 14 ,∑
χ =χ0
S(T , χ) = O(q) ,
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where χ runs over the Dirichlet characters mod q and χ0 is the principal character mod q .
Moreover, Selberg showed that for |T | ≤ q 14 −ε
∑
χ =χ0
(S(T , χ))2k = (2k)!
(2π)2kk!q(log log q)
k + O(q(log log q)k− 12 ) .
It has been our problem to extend these to S˜m(T , χ) for m ≥ 1. Concerning ∑χ =χ0 S˜m(T , χ),
we [2] have shown the following results.
III-(i). For any integer m ≥ 1 and for |T | ≤ q 14 −ε, we have∑
χ =χ0
Im(T , χ) = O(q) .
III-(ii). Suppose that 0 < T ≤ q 14 −ε with an arbitrarily small positive number
ε ≤ 14 . Then we have ∑
χ =χ0
S˜1(T , χ) = O(q) .
For any integer m ≥ 2, we have∑
χ =χ0
S˜m(T , χ) = 2
∑
h+2r=m
r≥1,h≥0
(−1)r−1
∑
χ =χ0
N˜h,2r (T , χ) + O(q)
= O
(
qT m−1
log q
+ q
)
.
III-(iii). For any integer m ≥ 2 and for 0 < T  (log q) 1m−1 , we have∑
χ =χ0
S˜m(T , χ) = O(q) .
III-(iv). (On the Generalized Riemann Hypothesis) For any integer m ≥ 0 and for
0 < T  eA(logq)m+1 with any positive constant A, we have∑
χ =χ0
S˜m(T , χ) = O(q) .
Here we are concerned with the mean value theorems on high powers of S˜m(t, χ) and
shall prove the following theorem which is a q-analogue of Theorem 2 in our previous work
[3].
THEOREM. Suppose that |T | ≤ q 14 −ε, where ε is any arbitrarily small positive
number ≤ 14 . Then for any integer m ≥ 1 and k ≥ 1, we have
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∑
χ =χ0
(S˜m(T , χ) − 2
∑
h+2r=m
r≥1,h≥0
(−1)r−1N˜h,2r (T , χ))2k
=
∑
χ =χ0
(Im(T , χ))
2k
= q
(2π)2k
2k∑
j=0
(
2k
j
)
(−1)(j+k)(m+1)
∞∑
nl=2
n1 ···nj =nj+1 ···n2k
Λ(n1) · · ·Λ(n2k)
n1 · · ·nj (log n1 · · · log n2k)m+1 + O
(
q
log q
Rm(q)
)
,
where Λ(n) is the von-Mangoldt function defined by
Λ(n) =
{
log p if n = pk with a prime p and an integer k ≥ 1
0 otherwise
and we put
Rm(q) =
{√
log log q if m = 1
1 if m ≥ 2 .
We may notice some direct consequences of this theorem.
COROLLARY 1. Suppose that |T | ≤ q 14 −ε, where ε is any arbitrarily small positive
number ≤ 14 . Then for any integer k ≥ 1, we have
∑
χ =χ0
(S˜1(T , χ))
2k = q
(2π)2k
2k∑
j=0
(
2k
j
)
·
∞∑
nl=2
n1 ···nj =nj+1 ···n2k
Λ(n1) · · ·Λ(n2k)
n1 · · ·nj (log n1 · · · log n2k)2 + O
(
q
√
log log q
log q
)
.
COROLLARY 2. (On the Generalized Riemann Hypothesis) Suppose that m is an
integer ≥ 2 and |T | ≤ eA(logq)m, where A is some positive absolute constant. Then for any
integer k ≥ 1, we have
∑
χ =χ0
(S˜m(T , χ))
2k = q
(2π)2k
2k∑
j=0
(
2k
j
)
(−1)(j+k)(m+1)
·
∞∑
nl=2
n1···nj =nj+1 ···n2k
Λ(n1) · · ·Λ(n2k)
n1 · · · nj (log n1 · · · log n2k)m+1 + O
(
q
log q
)
.
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§2. Proof of Theorem.
In the rest of this article, we shall prove Theorem . Hereafter we suppose that |t| ≤
q
1
4 −ε, where ε is any arbitrarily small positive number ≤ 14 . We put
X = q εCk
with some positive absolute constant C. We start with the following lemma which is proved
in Fujii [2].
LEMMA. For any integer m ≥ 1, we have
Im(t, χ) = 1
π

{
im
∑
n<X3
ΛX(n)χ(n)
nσχ+it (log n)m+1
m∑
ν=0
((σχ − 12 ) log n)ν
ν!
}
+O
((
σχ − 12
)m+1∣∣∣∣
∑
n<X3
ΛX(n)χ(n)
nσχ+it
∣∣∣∣
)
+O
((
σχ − 12
)m+1
log q(1 + |t|)) ,
where ΛX(n) is defined by
ΛX(n) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
Λ(n) for 1 ≤ n ≤ X
Λ(n)
log2 X3
n
− 2 log2 X2
n
2 log2 X
for X ≤ n ≤ X2
Λ(n)
log2 X3
n
2 log2 X
for X2 ≤ n ≤ X3
and we put, as in pp. 323–325 of Selberg [5],
σχ = 12 + 2 maxρ(χ)
(
β(χ) − 1
2
,
2
log X
)
,
ρ(χ) running over all zeros β(χ) + iγ (χ) of L(s, χ) for which
|t − γ (χ)| ≤ X
3|β(χ)− 12 |
log X
.
For convenience, we shall decompose the right hand side further as follows.
Im(t, χ) = 1
π

{
im
∑
n<X
Λ(n)χ(n)√
nnit (log n)m+1
}
+ 1
π

{
im
∑
X≤n<X3
ΛX(n)χ(n)√
nnit (log n)m+1
}
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+ 1
π

{
im
∑
n<X3
ΛX(n)χ(n)
nit (log n)m+1
(
1
nσχ
− 1√
n
)}
+ 1
π

{
im
m∑
ν=1
(σχ − 12 )ν
ν!
∑
n<X3
ΛX(n)χ(n)
nσχ+it (log n)m+1−ν
}
+ O
((
σχ − 12
)m+1 ∣∣∣∣
∑
n<X3
ΛX(n)χ(n)
nσχ+it
∣∣∣∣
)
+ O
((
σχ − 12
)m+1
log q(1 + |t|) .
The last three sums are rewritten in the following form as in p. 334 of Selberg [5].∣∣∣∣ 1π 
{
im
∑
n<X3
ΛX(n)χ(n)
nit (log n)m+1
(
1
nσχ
− 1√
n
)} ∣∣∣∣
=
∣∣∣∣ 1π 
{
im
∫ σχ
1
2
∑
n<X3
ΛX(n)χ(n)
nσ
′+it (log n)m
dσ ′
} ∣∣∣∣

(
σχ − 12
)
Xσχ−
1
2
∫ ∞
1
2
X
1
2 −σ
∣∣∣∣
∑
n<X3
ΛX(n)χ(n) log(Xn)
nσ+it (logn)m
∣∣∣∣ dσ ,
∣∣∣∣ 1π 
{
im
m∑
ν=1
(σχ − 12 )ν
ν!
∑
n<X3
ΛX(n)χ(n)
nσχ+it (logn)m+1−ν
} ∣∣∣∣

m∑
ν=1
(
σχ − 12
)ν
Xσχ−
1
2
∫ ∞
1
2
X
1
2 −σ
∣∣∣∣
∑
n<X3
ΛX(n)χ(n) log(Xn)
nσ+it (log n)m+1−ν
∣∣∣∣ dσ
and (
σχ − 12
)m+1 ∣∣∣∣
∑
n<X3
ΛX(n)χ(n)
nσχ+it
∣∣∣∣

(
σχ − 12
)m+1
Xσχ−
1
2
∫ ∞
1
2
X
1
2 −σ
∣∣∣∣
∑
n<X3
ΛX(n)χ(n) log(Xn)
nσ+it
∣∣∣∣ dσ .
Thus we have
Im(t, χ) = 1
π

{
im
∑
n<X
Λ(n)χ(n)√
nnit (log n)m+1
}
+ 1
π

{
im
∑
X≤n<X3
ΛX(n)χ(n)√
nnit (log n)m+1
}
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+ O
((
σχ − 12
)
Xσχ−
1
2
∫ ∞
1
2
X
1
2 −σ
∣∣∣∣
∑
n<X3
ΛX(n)χ(n) log(Xn)
nσ+it (log n)m
∣∣∣∣ dσ
)
+ O
( m∑
ν=1
(
σχ − 12
)ν
Xσχ−
1
2
∫ ∞
1
2
X
1
2 −σ
∣∣∣∣
∑
n<X3
ΛX(n)χ(n) log(Xn)
nσ+it (log n)m+1−ν
∣∣∣∣ dσ
)
+ O
((
σχ − 12
)m+1
Xσχ−
1
2
∫ ∞
1
2
X
1
2 −σ
∣∣∣∣
∑
n<X3
ΛX(n)χ(n) log(Xn)
nσ+it
∣∣∣∣ dσ
)
+ O
((
σχ − 12
)m+1
log q(1 + |t|)
)
.
We shall estimate the 2k-th moment of each term of this expression. We notice first
that
∑
χ
( ∑
X≤p<X3
ΛX(p)χ(p)√
p · pit (log p)m+1
)2k
=
∑
χ
∣∣∣∣
∑
Xk≤n<X3k
χ(n)b(n)√
nnit
∣∣∣∣
2
 q
∑
Xk≤n<X3k
|b(n)|2
n
 q 1
(log X)km
( ∑
X≤p<X3
1
p(log p)m
)k
 q
(log X)2km
,
where we put
b(n) =
∑
n=p1···pj ···pk,X≤pj<X3
ΛX(p1) · · ·ΛX(pk)
(log p1)m+1 · · · (log pk)m+1
and use the estimate
b(n)  1
(log X)km
.
In a similar manner, we get
∑
χ
∣∣∣∣
∑
X≤p2<X3
ΛX(p
2)χ(p2)
p · p2it (log p2)m+1
∣∣∣∣
2k
 q
(log X)2km
.
Thus we get
∑
χ
∣∣∣∣
∑
X≤n<X3
ΛX(n)χ(n)√
nnit (log n)m+1
∣∣∣∣
2k
 q
(log X)2km
.
Applying Lemma 17 on p. 331 of Selberg [5], we get
∑
χ =χ0
(
σχ − 12
)2k(m+1)
(log q(1 + |t|))2k  q log
2k q
(logX)2k(m+1)
.
Combining these two types of the estimates, we can estimate the rest as follows.
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∑
χ =χ0
((
σχ − 12
)
Xσχ−
1
2
∫ ∞
1
2
X
1
2 −σ
∣∣∣∣
∑
n<X3
ΛX(n)χ(n) log(Xn)
nσ+it (log n)m
∣∣∣∣ dσ
)2k

( ∑
χ =χ0
(
σχ − 12
)4k
X4k(σχ−
1
2 )
) 1
2
·
(∑
χ
(∫ ∞
1
2
X
1
2 −σ
∣∣∣∣
∑
n<X3
ΛX(n)χ(n) log(Xn)
nσ+it (log n)m
∣∣∣∣ dσ
)4k) 12

( ∑
χ =χ0
(
σχ − 12
)4k
X4k(σχ−
1
2 )
) 1
2
·
(
1
(log X)4k−1
∫ ∞
1
2
X
1
2 −σ
∑
χ
∣∣∣∣
∑
n<X3
ΛX(n)χ(n) log(Xn)
nσ+it (log n)m
∣∣∣∣
4k
dσ
) 1
2
 q
(log X)2k
{
(log log X)k if m = 1
1 if m ≥ 2 ,
because we have
∑
χ
∣∣∣∣
∑
p<X3
ΛX(p)χ(p) log(Xp)
pσ+it (log p)m
∣∣∣∣
4k
=
∑
χ
∣∣∣∣
∑
n<X6k
χ(n)b(n)
nσ+it
∣∣∣∣
2
 q(log X)4k ·
( ∑
p<X3
log p
p logm p
)2k
 q(logX)4k
{
(log log X)2k if m = 1
1 if m ≥ 2
with
b(n) =
∑
n=p1···pj ···p2k,pj≤X3
ΛX(p1) · · ·ΛX(p2k) log(Xp1) · · · log(Xp2k)
(log p1 · · · log p2k)m
 (log X)2k .
In the same manner, we have, for each 1 ≤ ν ≤ m,
∑
χ =χ0
((
σχ − 12
)ν
Xσχ−
1
2
∫ ∞
1
2
X
1
2 −σ
∣∣∣∣
∑
n<X3
ΛX(n)χ(n) log(Xn)
nσ+it (log n)m+1−ν
∣∣∣∣ dσ
)2k

( ∑
χ =χ0
(
σχ − 12
)4kν
X4k(σχ−
1
2 )
) 1
2
·
(
1
(log X)4k−1
∫ ∞
1
2
X
1
2 −σ
∑
χ
∣∣∣∣
∑
n<X3
ΛX(n)χ(n) log(Xn)
nσ+it (log n)m+1−ν
∣∣∣∣
4k
dσ
) 1
2
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 q
(log X)2kν
{
(log log X)k if ν = m
1 if 1 ≤ ν ≤ m − 1 .
Hence, we get
∑
χ =χ0
( m∑
ν=1
(
σχ − 12
)ν
Xσχ−
1
2
∫ ∞
1
2
X
1
2 −σ
∣∣∣∣
∑
n<X3
ΛX(n)χ(n) log(Xn)
nσ+it (logn)m+1−ν
∣∣∣∣ dσ
)2k
 q
(log X)2km
(log log X)k + q
(log X)2k
 q
(log X)2k
{
(log log X)k if m = 1
1 if m ≥ 2 .
Finally, we have in the same manner
∑
χ =χ0
((
σχ − 12
)m+1
Xσχ−
1
2
∫ ∞
1
2
X
1
2 −σ
∣∣∣∣
∑
n<X3
ΛX(n)χ(n) log(Xn)
nσ+it
∣∣∣∣ dσ
)2k

( ∑
χ =χ0
(
σχ − 12
)4k(m+1)
X4k(σχ−
1
2 )
) 1
2
·
(
1
(logX)4k−1
∫ ∞
1
2
X
1
2 −σ
∑
χ
∣∣∣∣
∑
n<X3
ΛX(n)χ(n) log(Xn)
nσ+it
∣∣∣∣
4k
dσ
) 1
2
 q
(log X)k(2m+1)
.
Consequently, we get
∑
χ =χ0
∣∣∣∣ Im(t, χ) − 1π 
{
im
∑
n<X
Λ(n)χ(n)√
nnit (log n)m+1
} ∣∣∣∣
2k
 q
(log q)2k
{
(log log q)k if m = 1
1 if m ≥ 2 .
We notice that
∑
χ =χ0
(
1
π

{
im
∑
n<X
Λ(n)χ(n)√
nnit (log n)m+1
})2k
= (−1)
(m+1)k
(2π)2k
2k∑
j=0
(
2k
j
)
(−1)j (m+1)
∑
χ
( ∑
n<X
Λ(n)χ¯(n)√
nn−it (log n)m+1
)j
·
( ∑
n<X
Λ(n)χ(n)√
nnit (logn)m+1
)2k−j
−
(
1
π

{
im
∑
n<X
Λ(n)χ0(n)√
nnit (log n)m+1
})2k
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= q − 1
(2π)2k
2k∑
j=0
(
2k
j
)
(−1)(j+k)(m+1)
∞∑
nl=2
n1···nj =nj+1 ···n2k
Λ(n1) · · ·Λ(n2k)
n1 · · · nj (log n1 · · · log n2k)m+1
+ O
(
q
log q
)
.
Hence, we get∑
χ =χ0
(Im(t, χ))
2k =
∑
χ =χ0
(Im(t, χ) − M + M)2k
=
∑
χ =χ0
2k∑
j=0
(
2k
j
)
Mj(Im(t, χ) − M)2k−j
=
∑
χ =χ0
M2k +
∑
χ =χ0
2k−1∑
j=0
(
2k
j
)
Mj(Im(t, χ) − M)2k−j
=
∑
χ =χ0
M2k + O
( 2k−1∑
j=0
(
2k
j
)( ∑
χ =χ0
M2k
) j
2k
)
·
( ∑
χ =χ0
(Im(t, χ) − M)2k
) 2k−j
2k
= q
(2π)2k
2k∑
j=0
(
2k
j
)
(−1)(j+k)(m+1)
∞∑
nl=2
n1 ···nj =nj+1 ···n2k
Λ(n1) · · ·Λ(n2k)
n1 · · ·nj (log n1 · · · log n2k)m+1 + O
(
q
log q
Rm(q)
)
,
where we put
M = 1
π

{
im
∑
n<X
Λ(n)χ(n)√
nnit (log n)m+1
}
and
Rm(q) =
{√
log log q if m = 1
1 if m ≥ 2 .
Thus we have obtained our theorem.
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